A genus-g map is a 2-cell embedding of a connected graph on a closed, orientable surface of genus g without boundary, that is, a sphere with g handles. Two maps are equivalent if they are related by a homeomorphism between their embedding surfaces that takes the vertices, edges and faces of one map into the vertices, edges and faces, respectively, of the other map, and preserves the orientation of the surfaces. A map is rooted if a dart of the map -half an edge -is distinguished as its root. Two rooted maps are equivalent if they are related by a homeomorphism that has the above properties and that also takes the root of one map into the root of the other. By counting maps, rooted or unrooted, we mean counting equivalence classes of those maps.
Introduction: definitions and structure of the article
A map is defined topologically as a 2-cell embedding [13] of a connected graph, loops and multiple edges allowed, in a 2-dimensional surface. The faces of a map are the connected components of the complement of the graph in the surface. In this article the surface is assumed to be without boundary and orientable, with an orientation already attributed to it (counterclockwise, say), so that it is completely described by a non-negative integer g, its genus. For short, a map on a surface of genus g will be called a genus-g map. A planar map is a genus-0 map (a map on a sphere) and a toroidal map is a genus-1 map (a map on a torus or doughnut). If a map on a surface of genus g has v vertices, e edges and f faces, then by the Euler-Poincaré formula [9, chap. 9] v − e + f = 2(1 − g).
Two maps are equivalent if there is an orientation-preserving homeomorphism between their embedding surfaces that takes the vertices, edges and faces of one map into the vertices, edges and faces of the other. A dart or semi-edge of a map or graph is half an edge. A loop is assumed to be incident twice to the same vertex, so that every edge, whether or not it is a loop, contains two darts. The degree of a vertex is the number of darts incident to it. The face incident to a dart d is the face incident to the edge containing d and on the right of an observer on d facing away from the vertex incident to d and the degree of a face is the number of darts incident to it. A rooted map is a map with a distinguished dart, its root. Two rooted maps are equivalent if there is an orientation-preserving homeomorphism between their embedding surfaces that takes the vertices, edges, faces and the root of one map into the vertices, edges, faces and the root of the other.
A combinatorial map is a connected graph with a cyclic order imposed on the darts incident to each vertex, representing the order in which the darts of a (topological) map are encountered during a rotation around the vertex according to the orientation of the embedding surface. The darts incident to a face are encountered by successive application of the following pair of actions: go from the current dart to the dart on the other end of the same edge and then to the next dart incident to the same vertex according to the cyclic order. In this way the faces of a combinatorial map can be counted, so that its genus can be calculated from (1). Two combinatorial maps are equivalent if they are related by a map isomorphism -a graph isomorphism that preserves this cyclic order -with an analogous definition for the equivalence of two rooted combinatorial maps. An automorphism of a combinatorial map is a map isomorphism from a map onto itself.
By enumerating maps with a given set of properties, whether rooted or not, we mean counting the number of equivalence classes of maps with these properties. It was shown in [13] that each equivalence class of topological maps is uniquely defined by an equivalence class of combinatorial maps; so for the purposes of enumeration, the term "map" can be taken to mean "combinatorial map".
To count unrooted maps of genus g we first needed to be able to count rooted maps of every genus up to g. In Section 2 we summarize the enumeration of rooted maps, both by number of edges and by number of faces and vertices, that we and others have done. In Section 3 we describe the method by which the third author, together with Roman Nedela, enumerated unrooted maps of genus up to 3 by number of edges [21] and a new result: the extension by the second and third authors of these results up to genus 11. In Section 4 we describe another new result, obtained by the first author: adding the number of vertices as a parameter for unrooted maps of genus up to 10. Appendix A contains tables of numbers of unrooted maps of genus 1, 2, 3, 4 and 5 with up to 11 edges, counted by number of edges and vertices. Appendix B contains tables of numbers of unrooted maps of genus 6 to 11 with up to 60 edges, counted by number of edges. More numerical results can be found in [11] .
Counting rooted maps
Rooted maps were introduced in [23] because they are easier to count than unrooted maps; this is because only the trivial map automorphism preserves the root [24] , so that rooted maps can be counted without considering map automorphisms. In [23] , W. T. Tutte found a closed-form formula for counting rooted planar maps with e edges. In [24] , he found a recurrence for the number of rooted planar maps given the number of vertices, the number of faces and the degree of the face containing the root. From this recurrence he obtained a three-parameter generating function and then eliminated the parameter for the degree of the root-face to obtain a two-parameter generating function that counts rooted planar maps by number of vertices and faces. In [1] D. Arquès obtained a simpler two-parameter generating function counting the same set of objects.
In [25] , the first author generalized the method of [24] to obtain a recurrence for the number of genus-g maps with the vertices labelled 1, 2, . . . , v and with a distinguished dart incident to each vertex, given the number of vertices and the degree of each one; these numbers were then multiplied by the appropriate factor and added over all possible non-increasing sequences of vertex-degrees summing to 2e to obtain the number of rooted maps of genus g with e edges and v vertices. A table of these numbers of maps with up to 14 edges appears in [25] (see [30] for a published account of this work and a table of maps with up to 11 edges), but no attempt was made to express these results in terms of generating functions. The algorithm used to solve that recurrence is far from being polynomial-time. The first author later found a polynomial-time algorithm for counting rooted toroidal maps, both by number of edges alone and by number of vertices as well [26] , but no explicit formula.
In [5] , E. Bender and E. Canfield introduced an improvement on the method of [25] : to count rooted genus-g maps it is sufficient to know the degree of the first g + 1 vertices and to distinguish a dart of only the first vertex as the root, thus reducing the number of maps that have to be considered. Using doubly-rooted maps, D. Arquès [2] obtained a two-parameter generating function that counts rooted toroidal maps by number of vertices and faces. From this result, he obtained a closed-form formula for the num-ber of rooted toroidal maps with e edges and another one for the number of rooted toroidal maps with v vertices and f faces. In [6] , Bender and Canfield obtained a generating function for the number of rooted maps of genus 2 and 3 with e edges.
In [10] the second author generalized the results in [2] and [6] and obtained a general form for the generating function counting rooted maps of any genus g > 0 by number of vertices and faces and a recurrence satisfied by a set of multivariate polynomials whose solution determines this generating function. To make these polynomials symmetric in all their variables, he distinguished a dart incident to each of the vertices whose degree is considered, which increases the size of the coefficients but does not increase the number of polynomials that have to be calculated. We note here that in the account of these results published in [3] the recurrence is missing a term; this omission was corrected in [29] . Programming in Maple, he solved the recurrence explicitly for g = 2 and g = 3 (these results are published in [3] ) and also computed the generating function that counts rooted maps of genus 4 by number of edges. This result was recently included in [20] , where it was used by the second and third authors to count both rooted and unrooted maps of genus 4 by number of edges. This was as far as the program written in this version of Maple was capable of carrying the calculations.
Recently, using a newer version of Maple and a more powerful computer, he extended the solution of his recurrence by number of vertices and faces up to genus 5. This is as far as the program written in the newer version of Maple was capable of carrying the calculations; it could have been optimized, but that was not its objective. To improve the computational efficiency of the calculations, the first author programmed mainly in C, using the library CLN (Class Library for Numbers) to handle big numbers -see the web site [15] and the set of tools Xcode to run CLN -see the web site [33] . He optimized the solution to the recurrence in [10] and thus extended the enumeration by number of vertices and faces, as well as by number of edges, to genus 6. Although each author used a different algorithm and a different programming language, we both obtained the same answers, and the numbers of rooted maps we calculated agree with the tables in [25] , providing evidence of the correctness of our results. These results are presented in [29] .
More recently, the first author, using a more powerful computer, extended the enumeration of rooted maps by number of vertices and faces to genus 10 and the second author solved the one-parameter version of his recurrence, which counts rooted maps of genus g by number of edges, up to genus 11.
Using these results, the third author, programming in Mathematica, counted unrooted maps of genus up to 11 by number of edges (see Section 3) and the first author, programming in C, counted unrooted maps of genus up to 10 by number of edges and vertices (see Section 4). The results described in this paragraph are new.
Counting unrooted maps by number of edges
The method used in [21] for counting unrooted maps by number of edges is a generalization of the method used by Valery Liskovets [17, 18] for counting unrooted planar maps by number of edges. It uses the so-called Burnside's Lemma [22] , which states that the number of orbits of a finite permutation group A acting on a set X is equal to the sum over all the elements a of A of the number of objects in X fixed by a divided by the cardinality of A. The set X is the set of darts of a map M with labelled darts. If M has E edges, it has 2E darts, so that #(A) = (2E)!. A permutation a of the darts of M fixes M if a is an automorphism of the unlabelled version of M . However, the action of an automorphism of a map is completely determined by its action on a single dart [24] ; so each rooted map can be dart-labelled in (2E − 1)! ways with the root getting the label 1. Applying this observation to Burnside's Lemma yields the following formula:
where N + (E) is the number of unrooted maps with E edges, a runs over all the permutations of the darts of a rooted map with E edges and fix(a, E) is the number of pairs (a, M ), where M is a rooted map with E edges and a is an automorphism of the unrooted version of M .
A map automorphism is regular on its set of darts, that is, it is a permutation consisting of independent cycles of the same length [24] . One can thus consider only periodic orientation-preserving homeomorphisms of the embedding surface and call them automorphisms of the surface.
For the sphere, the non-trivial automorphisms are just rotations [4] . A rooted map M with an automorphism a of period L can thus be drawn on the sphere in such a way that the automorphism can be realized topologically by a rotation of period L. If the sphere is then sliced into L lunes and the lune containing the root inflated to a sphere, it will contain a rooted map with only 2E/L darts, the quotient map m of M under the automorphism a. The axis of rotation will pass through two distinct cells (vertices, edges or faces) of M , which we call its poles. If a pole is a non-edge (a face or a vertex), then it will be a non-edge of m. If a pole is an edge, then it will be a dangling semi-edge of m -a semi-edge that is not part of a normal edge. If at least one pole is an edge, then L must be 2, there is only one such automorphism, and m will have 1 or 2 dangling semi-edges. Once the axis of rotation has been chosen, the number of rotations of period L is φ(L), where φ is the Euler totient function. In [18] and [17] , an elegant formula was obtained for the number of unrooted planar maps with E edges by counting the rooted maps, possibly with one or two dangling semi-edges, that can be a quotient map of some rooted map with E edges under an automorphism of period L, multiplying by the number of ways of distributing the poles among the non-edges and dangling semi-edges of the quotient map and the number of automorphisms of period L of a sphere, summing over L and dividing by 2E.
In [21] this method was generalized to surfaces of arbitrary orientable genus. We illustrate this method on the torus.
We first represent a torus as a square with opposite sides identified in pairs, so that the four corners of the square represent a single point on the torus. If the square is rotated by 180 degrees (L = 2), there are four points on the torus that are fixed: the centre of the square, the point represented by the four corners and each of the two points represented by the middle of a pair of opposite sides. This automorphism thus has four orbits of length less than the period. Such an orbit is called a branch point, and the branch index of a branch point is L divided by the orbit length, in this case 2. This is the only automorphism of this sort. If instead the square is rotated by 90 degrees (L = 4), the centre and the point represented by the four corners are fixed (two branch points of branch index 4) and the middles of both pairs of opposite sides are in a single orbit of length 2 (one branch point of branch index 2). There are two such automorphisms.
Next we represent a torus as a hexagon with opposite sides identified in pairs, so that each triplet of non-adjacent corners represents a single point. If the hexagon is rotated by 120 degrees (L = 3), the centre is fixed and so is each triplet of non-adjacent corners (three branch points of branch index 3); there are two such automorphisms. If instead the hexagon is rotated by 60 degrees (L = 6), the centre is fixed (a branch point of branch index 6), there is an orbit of length 2 (a branch point of branch index 3) containing the two triplets of non-adjacent corners and an orbit of length 3 (a branch point of branch index 2) containing the middle of all three pairs of opposite sides. There are two such automorphisms. For all these automorphisms, the quotient map is of genus 0.
There is also an infinite family of automorphisms with no branch points generated by two independent rotations: rotating the torus around the middle of the hole like the tube inside a tyre on a spinning bicycle wheel and twisting it so that the valve no longer points to the centre of the wheel. The number of such automorphisms of period L is φ 2 (L) where φ k (L) is the k th Jordan function of L (k ≥ 1). For all these automorphisms, the quotient map is of genus 1.
In [21] , the quotient space of a surface of genus G under an automorphism of some period L is called a G-admissible orbifold O, and it is characterized by its signature: its genus g and its branch indices m 1 , . . . , m r , where 1 < m 1 ≤ . . . ≤ m r . Each such automorphism of period L corresponds to an (order-preserving) epimorphism: a surjection, with a torsion-free kernel, of the automorphism group of the surface of genus G onto the cyclic group Z L of order L. In [21] the number of epimorphisms is given as a function of L and the signature [g; m 1 , . . . , m r ] by the formula
where m = lcm(m 1 , . . . , m r ), m divides L and
where
is the von Sterneck function (see [16] for a discussion of the relation between this function and a certain trigonometric sum of Ramanujan). Here µ is the Möbius function, and in [21] the formula involving µ is used to express the Jordan function.
To avoid having to work with too many non-decreasing sequences of integers (m 1 , . . . , m r ), the authors of [21] used the criterion in [12] for the existence of a G-admissible orbifold of period L and signature [g; m 1 , . . . , m r ]:
H1: the Riemann-Hurwitz equation 
where N g (n) is the number of rooted maps of genus g with n edges (0 if n is not an integer). Here s is the number of dangling semi-edges in the quotient map m, all of which must be in orbits of length L/2 so that they represent normal edges in the original map M . Given a rooted map with d − s darts, dangling semi-edges can be inserted into the slots between two adjacent darts according to the rotation about their common incident vertex, and since more than one dangling semi-edge can be inserted into the same slot, the number of ways to insert s dangling semi-edges is
. In addition, there are d ways to root the map once the dangling semi-edges have been inserted and only d − s ways to root it before the insertion. Multiplying the number of insertions by the ratio of the number of ways to root the map with and without the dangling semi-edge gives the first factor in the right side of (6). The multinomial coefficient in (6) is the number of ways in which the branch points with the various branch indices can be distributed among the nonedges of the quotient map; the "numerator" of the multinomial coefficient is the number of non-edges and is given by (1).
For each period L, if the original map has E edges, then the quotient map will have 2E/L darts. Substituting 2E/L for d in (6), multiplying by the number of epimorphisms of a given orbifold (3) and adding over all the G-admissible orbifolds with period L and then over all the periods L that divide E and finally dividing the sum by 2E, as in (2), they obtained a formula for the number of unrooted maps of genus G with E edges:
where O runs over all the G-admissible orbifolds with period L and its signature is expressed as [g; m 1 , . . . , m r ] when substituting into (3) and as
when substituting into (6). Of course, to get explicit numbers, they needed to know the number of rooted maps of genus up to G and the set of G-admissible orbifold signatures, along with the number of epimorphisms for each one. The former numbers were calculated from the formulae in [2] for G = 1 and in [6] for G = 2 and 3; the latter, for G ≤ 4, were available from various sources. Once the second author provided the third one with a generating function for the number of rooted maps of genus 4 with E edges, the number of unrooted maps of genus 4 with E edges could be counted [20] . When the second author extended his enumeration of rooted maps with E edges up to genus 11, the third author needed the G-admissible orbifolds and their number of epimorphisms up to G = 11. These were provided by Ján Karabás, a student of Nedela, who computed them (programming in Magma) from Harvey's condition and formulae (3) and (4) for G up to 100 and made them available on his web site [14] . With these results and the generating functions provided by the second author, the third author extended the enumeration of unrooted maps with E edges up to genus 11.
Counting unrooted maps by number of edges and vertices
In [28] the first author used the method of [17] and [18] to obtain a formula for the number of unrooted planar maps with E edges and V vertices. It is to be noted here that Nicholas Wormald counted planar maps by number of edges and vertices up to not only orientation-preserving isomorphism but also orientation-reversing isomorphism [32, 31] . The formula in [17, 18] and the one in [28] have smaller asymptotic computational complexities than the respective algorithms in Wormald's papers restricted to counting unrooted planar maps up to orientation-preserving isomorphism. Liskovets suggested a way in which his method could be used to count unrooted planar maps up to both kinds of isomorphism [19] ; finding an algorithm more efficient than Wormald's using the results in [19] is an interesting open problem.
The basic idea used in [28] is to distribute the branch points (poles, in the case of planar maps) among the vertices, faces and dangling semi-edges of the quotient map instead of just among the non-edges and the dangling semi-edges. We now apply this idea to counting unrooted maps of genus G by number of edges and vertices. Suppose that the quotient map is of genus g and has v vertices, f faces and s dangling semi-edges. Then the number e of normal edges can be calculated from (1) and the number d of darts is 2e + s. Suppose also that there are v k branch points of orbit length k (orbit length = L divided by branch index) that are on a vertex and f j branch points of orbit length j that are in a face. We denote by v L and f L the number of vertices and faces, respectively, that do not contain a branch point. The original map will have k vertices for every vertex in a branch point of orbit length k, L vertices for every vertex not in a branch point, j faces for every face in a branch point of orbit length j and L faces for every face not in a branch point. The total numbers V of vertices and F of faces in the original map are given by the formulae
and
and the total number E of edges is equal to Ld/2. The binomial coefficient in (6) does not change -it still represents the number of ways to insert s dangling semi-edges into a rooted map with m − s darts and the ratio of the number of rootings -but the multinomial coefficient in (6) must be modified. The number of ways to distribute the branch points among the vertices and faces is
For this number to be positive, the sum of all the numbers v k cannot exceed v and the sum of all the numbers f j cannot exceed f ; so v and f each start at its respective sum and increases by 1 until the number E of edges in the original map exceeds a user-defined maximum. With each increase of v or f , (10) gets updated using a single multiplication and division. This number, which replaces the multinomial coefficient in (6), must be computed for all sets of non-negative integers such that for each k, v k + f k is equal to the total number of branch points of orbit length k that are not distributed to dangling semi-edges. Once (6), modified as described above, is multiplied by the number of epimorphisms of the current period and orbifold signature, we get the contribution of that period, signature and the numbers v k and f j to 2E times the number of unrooted maps of genus G with E edges and V vertices. This contribution is added to the appropriate element of a two-dimensional array, initially 0, and when all the contributions have been tallied, for each E and V the corresponding array element is divided by 2E.
The first author programmed this calculation in C to obtain tables of numbers of unrooted maps of genus up to 10, counted by number of edges and vertices. Instead of taking the set of orbifold signatures and the number of epimorphisms for each one from [14] , he recalculated them, not from Harvey's condition and formula (4) but from a refinement of these two results recently published by Liskovets [16] , except that orbit lengths were used instead of branch indices.
Here is a summary of the results taken from [16] . Given an r-tuple (m 1 , . . . , m r ) of integers, each greater than 1, let m be their least common multiple. For every prime p that divides m, let a(p) be the exponent of p in the prime power factorization of m, and for each index j = 1, 2, . . . , r, let a j (p) be the corresponding exponent for m j . Now let s(p) be the number of indices j such that a j (p) = a(p). Then Harvey's condition is equivalent to the following: 
and revealed its important role in unlabelled enumeration (for diverse types of groups, maps and some other algebraic and topological objects). Formula (12) was used by the first author so that, in particular, a table of values of the second Jordan function, which is needed to count unrooted toroidal maps, could be evaluated using a sieve-like algorithm.
The numbers calculated by all three authors and by Karabás agree with each other and with the numbers of unrooted maps of genus g with up to 6 edges in [27] and the number of unrooted maps of genus g with one face, one vertex and 2g edges in [8] . Source codes producing most of the new results are included in release 0.3 of the MAP project [11] ; more source code will be included there shortly.
